Bipartite matching extendable graphs  by Wang, Xiumei et al.
Discrete Mathematics 308 (2008) 5334–5341
www.elsevier.com/locate/disc
Bipartite matching extendable graphsI
Xiumei Wanga, Zhenkun Zhangb, Yixun Lina,∗
aDepartment of Mathematics, Zhengzhou University, Zhengzhou 450052, China
bOffice of Academic Affairs, Huanghuai University, Zhumadian 463000, China
Received 7 June 2005; received in revised form 13 September 2007; accepted 19 September 2007
Available online 19 November 2007
Abstract
Matching extendability is significant in graph theory and its applications. The basic notion in this direction is n-extendability
introduced by Plummer in 1980. Motivated by the different natures of bipartite matchings and non-bipartite matchings, this paper
investigates bipartite-matching extendable (BM-extendable) graphs. A graph G is said to be BM-extendable if every matching M
which is a perfect matching of an induced bipartite subgraph can be extended to a perfect matching. Our main results are showing
that the recognition of BM-extendable graphs is co-NP-complete and characterizing some classes of BM-extendable graphs.
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1. Introduction
Graphs considered in this paper are finite and simple. We follow the graph-theoretic terminology and notation of
[3,9]. Let G = (V (G), E(G)) be a graph. For V ′ ⊆ V (G), denote by G[V ′] the graph induced by V ′. For M ⊆ E(G),
set
V (M) = {v ∈ V (G) : there is an x ∈ V (G) such that vx ∈ M}.
M ⊆ E(G) is a matching of G if V (e) ∩ V ( f ) = ∅ for every two distinct edges e, f ∈ M . A matching M of G is
perfect if V (M) = V (G). We say that a matching M is a bipartite matching if there are two disjoint independent sets
X, Y in G such that M is a perfect matching of the induced bipartite subgraph G[X ∪ Y ]; alternatively, G[V (M)] is
a bipartite graph. We further say that G is bipartite-matching extendable (BM-extendable in short) if every bipartite
matching M of G is included in a perfect matching of G. It is obvious that every BM-extendable graph must have an
even number of vertices. We can also easily see that the complete graphs K2m and complete bipartite graphs Km,m are
BM-extendable, but Km,m − e is not BM-extendable for any edge e in Km,m . The only BM-extendable path and cycle
are P2 and C4, respectively.
It is well-known that the nature of perfect matchings of bipartite graphs is quite different from that of general
graphs, and finding perfect matchings in non-bipartite graphs turns out to be substantially more difficult. The matching
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problem for bipartite graphs has close connections with linear programming, network flows, and some classical duality
theorems, whereas the problem for non-bipartite graphs is related to more sophisticated structures (see [5,9]). The
characterization of a bipartite graph with perfect matchings was obtained by Hall in 1935, while the corresponding
characterization for general graphs was not found until 1947 by Tutte. The first formal procedure – the Hungarian
Method – for finding a maximum matching in a bipartite graph was presented by Kuhn and Hall (1955); a decade
passed before Edmonds (1965) found the first efficient algorithm for a non-bipartite graph. In a word, the matchings
in a bipartite graph and those in a general graph are differently structured. The study of BM-extendability is trying to
bridge these two categories.
On the other hand, BM-extendability has close relations with some existing notions of matching extendability.
Obviously, if a graph is BM-extendable then it is 1-extendable and furthermore elementary. Recall that a graph G
is said to be 1-extendable if all of its edges are in some perfect matching of G. A graph G is said to be elementary
if the union of all perfect matchings forms a connected subgraph of G. Many celebrated results on this aspect have
been developed [7,9,15]. The BM-extendability of graphs can also be thought of as a variant of the n-extendability. A
connected graph G is called an n-extendable graph if any matching M with |M | = n is included in a perfect matching
of G, where 1 ≤ n ≤ 12 (|V | − 2). The concept of n-extendable graphs was introduced by Plummer [10]. Since then,
many important results on this topic have been established (see, e.g., [1,2,8]). For a bipartite graph G, it is easy to see
that G is BM-extendable if and only if G is n-extendable for 1 ≤ n ≤ 12 (|V | − 2). For a general graph G, if G is
n-extendable for all n, then it is BM-extendable. Moreover, we say that a matching M is an induced matching of G if
G[M] = G[V (M)] [4]. A connected graph G is called an induced-matching extendable (simply IM-extendable) graph
if any induced matching M is included in a perfect matching of G. This concept was first proposed by Yuan [14]. Many
results on IM-extendability can be found in [11–14]. Clearly, if a graph G is BM-extendable, then it is IM-extendable.
In this paper, we introduce the notion of BM-extendable graphs and study the elementary properties of BM-
extendability. First we are concerned with whether the recognition of BM-extendable graphs is easy or hard in a
computational complexity point of view. And then we investigate several typical classes of graphs to distinguish
which ones are BM-extendable and which ones are not, so as to exhibit the essence of BM-extendable graphs. We
shall see that some well-structured graphs are BM-extendable.
The paper is organized as follows. In Section 2, we prove that the maximum bipartite-matching problem is
NP-complete, and the BM-extendability problem is co-NP-complete. In Section 3 we characterize BM-extendable
cubic graphs and complete r -partite graphs, and show that certain claw-free graphs are BM-extendable. We mention
some issues for further study in Section 4.
2. Complexity
As stated before, a matching M of a graph G is a bipartite matching if it is a perfect matching of an induced
bipartite subgraph. The maximum bipartite-matching problem (decision version) can be stated as follows: Given a
graph G and an integer k, is there a bipartite matching M such that |M | ≥ k? This problem is clearly in NP. We will
prove that it is NP-complete by a reduction from the maximum independent set problem.
Recall that a subset I of V (G) is called an independent set of G if no two vertices of I are adjacent in G. The
number of vertices in a maximum independent set of G is called the independence number of G, denoted by α(G). The
maximum independent set problem (decision version) is : Given a graph G and an integer k, is there an independent set
I such that |I | ≥ k? This is a well-known NP-complete problem (see [6]). Note that even restricted to k ≤ 12 |V (G)|, it
is still NP-complete. This is so because we can replace graph G by G ∨ Kn (the join of graph G and a complete graph
of n vertices) if necessary. Here, the join of two disjoint graphs G and H , denoted by G ∨ H , is the graph obtained
from G ∪ H , the union of G and H , by joining each vertex of G to each vertex of H .
Theorem 2.1. The decision version of the maximum bipartite-matching problem is NP-complete.
Proof. Given an instance (G, k) of the maximum independent set problem, we may construct an instance (H, k) of the
present problem with H = G1∨G2 where G1, G2 are two copies of G. Then G has an independent set I with |I | ≥ k
if and only if H has a bipartite matching M with |M | ≥ k. In fact, if G has a k-independent set I = {x1, x2, . . . , xk},
let I 1 = {x11 , x12 , . . . , x1k } and I 2 = {x21 , x22 , . . . , x2k } be its corresponding sets in G1 and G2 respectively. Then
M = {x1i x2i : 1 ≤ i ≤ k} is a bipartite matching in H . Conversely, if M is a bipartite matching in H with |M | = k,
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then V (M)∩ V (G1) is an independent set in G1, thus G1 (namely G) has a k-independent set. Since the independent
set problem is NP-complete, the result follows. 
We may further consider the BM-extendable graph problem: Is a given graph G BM-extendable?
Theorem 2.2. The BM-extendable graph problem is co-NP-complete.
Proof. For a given bipartite matching M of a graph G, determining whether G − V (M) has no perfect matching
can be done in polynomial time, as the maximum-matching problem can be polynomially solved [9]. So the
BM-extendable graph problem is in co-NP. We will prove that it is co-NP-complete by a polynomial reduction
from the independent set problem. Let (G, k) be an instance of the independent set problem, where k is a positive
integer and k ≤ 12 |V (G)| = n/2. Construct an instance of the BM-extendable graph problem, namely, a new graph
H = (G1∨G2)∨K 2n−2k+2, where G1 and G2 are two copies of G and K 2n−2k+2 is an empty graph with 2n−2k+2
vertices. Clearly, the construction of H can be performed in polynomial time. To complete the proof of the co-NP-
completeness, we need only show the following claim.
Claim. G has an independent set I with |I | ≥ k if and only if H is not BM-extendable.
In fact, let I = {x1, x2, . . . , xl} be an independent set in G with |I | ≥ k. We may denote the corresponding set
in Gi by I i = {x i1, x i2, . . . , x il } (i = 1, 2; l ≥ k). Then M = {x1j x2j : 1 ≤ j ≤ l} is a bipartite matching in H with|M | = l ≥ k. Since H − V (M) has at most 2n − 2k vertices in one part G1 ∨ G2 and 2n − 2k + 2 isolated vertices
in the other part K 2n−2k+2, it is impossible to have perfect matchings in H − V (M). Thus H is not BM-extendable.
Conversely, suppose that α(G) < k. We proceed to show that an arbitrary bipartite matching M of H can be
extended to a perfect matching. Let X, Y ⊆ V (H) be the two disjoint independent sets associated with M and let
l = |X | = |Y | = |M |. Due to the independence, neither X nor Y could intersect two different parts of V (G1), V (G2),
and V (K 2n−2k+2). Thus we distinguish three cases as follows:
Case 1: X, Y ⊆ V (G1) (the case X, Y ⊆ V (G2) is symmetric). Then M is a matching of G1 and l = |X | = |Y | ≤
α(G) < k. Let M ′ be the corresponding copy of M in G2. Then we choose M1 ⊆ M ′ with k − l − 1 edges. At the
moment the number of unmatched vertices for M ∪ M1 in G1 ∨ G2 is
(n − 2l)+ n − 2(k − l − 1) = 2n − 2k + 2.
So, we may match these unmatched vertices to K 2n−2k+2 and get a matching M2. Therefore M∗ = M ∪ M1 ∪ M2 is
a perfect matching of H .
Case 2: X ⊆ V (G1), Y ⊆ V (G2). Also, we have l = |X | = |Y | < k. Now, we have n − l unmatched vertices in both
G1 and G2. Let M1 be a matching that matches k − l − 1 unmatched vertices in G1 to those in G2, and let M2 be a
matching that matches the remaining 2n − 2k + 2 vertices of G1 ∨ G2 to K 2n−2k+2. Then M∗ = M ∪ M1 ∪ M2 is a
perfect matching of H .
Case 3: X ⊆ V (G1), Y ⊆ V (K 2n−2k+2). We have l = |X | = |Y | < k ≤ n/2 as before. Note that G1 has n − l
unmatched vertices and K 2n−2k+2 has 2n− 2k + 2− l unmatched vertices for M . Let M1 be a matching that matches
k − 1 unmatched vertices in G1 to any k − 1 vertices in G2. Further, let M2 be a matching that matches the remaining
2n−l−2k+2 vertices of G1∨G2 to the same number of unmatched vertices of K 2n−2k+2. Then M∗ = M∪M1∪M2
is a perfect matching of H .
To summarize, M can be extended to a perfect matching M∗ in H . The proof is completed. 
3. Characterization
Without loss of generality, we only consider connected graphs in the sequel.
Lemma 3.1 ([9]). A graph G has perfect matchings if and only if o(G − S) ≤ |S| for every S ⊆ V (G).
Here, o(G) is the number of components of G with an odd number of vertices. By Lemma 3.1 and the definition
of BM-extendable graphs, we have the following.
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Fig. 1. Non-BM-extendable graph.
Theorem 3.2. A graph G is BM-extendable if and only if o(G − V (M)− S) ≤ |S| for every bipartite matching M of
G and every S ⊆ V (G) \ V (M).
Corollary 3.3. If G is BM-extendable, then
(i) there is no even cycle C without chords connecting vertices with even distance in C such that G − C has odd
components;
(ii) there is no odd path P (with length of odd) without edges joining vertices with even distance in P such that
G − P has odd components.
Proof. Suppose (i) fails. Let C be such an even cycle. Then the maximum matching M of C is a bipartite matching
of G. Noting that G − V (M) = G − C has odd components, by Theorem 3.2 for S = ∅, G is non-BM-extendable.
This contradiction completes the proof.
The proof of (ii) is similar to that of (i). 
Here, the even cycle C and the odd path P in (i) and (ii) are called a forbidden cycle and a forbidden path
respectively. If a graph has a forbidden cycle or a forbidden path, then it is non-BM-extendable. For example, the
graph in Fig. 1 has a forbidden path abcd .
The following is an obvious fact from the definition.
Corollary 3.4. A graph G is BM-extendable if and only if every maximal (in the sense of inclusion) bipartite matching
M can be extended to a perfect matching of G.
We first characterize cubic (3-regular) graphs. Denote by C2n(1, n) the cyclic graph with 2n vertices
x0, x1, . . . , x2n−1 such that xi x j is an edge if either |i − j | ≡ 1(mod 2n) or |i − j | ≡ n(mod 2n). This is known as
the Mo¨bius ladder of 2n vertices.
Lemma 3.5 ([14]). The only IM-extendable cubic graphs are Cn × K2 for n ≥ 3, and C2n(1, n) for n ≥ 2.
Theorem 3.6. The only BM-extendable cubic graphs are K4 and K3,3.
Proof. As mentioned before, if a graph G is BM-extendable, then it is also IM-extendable. By Lemma 3.5, the only
IM-extendable cubic graphs are Cn × K2 (n ≥ 3) and C2n(1, n) (n ≥ 2). We will show that all these graphs, except
C4(1, 2) = K4 and C6(1, 3) = K3,3, are non-BM-extendable.
First, for G = Cn × K2 (n ≥ 3), let x0x1 . . . xn−1x0 and y0y1 . . . yn−1y0 be the two copies of Cn , where xi and yi
are adjacent in G (0 ≤ i ≤ n− 1). When n is even, G has a forbidden cycle C = x1x2 . . . xn−1yn−1y0y1x1; when n is
odd, G has a forbidden path P = x1x2 . . . xn−1yn−1y0. In both cases {x0} is an odd component of G − C or G − P .
By Corollary 3.3, G is non-BM-extendable.
Second, for G = C2n(1, n) (n ≥ 4), let x0x1x2 . . . x2n−1x0 be the cycle C2n , where xi and xn+i are adjacent in
G (0 ≤ i ≤ n − 1). When n = 4, G has a forbidden path P = x1x2x6x7x3x4; when n ≥ 5, it has a forbidden path
P = x1xn+1xnxn−1x2n−1x2n−2. In both cases {x0} is an odd component of G − P . Hence G is non- BM-extendable.
Finally, it is clear that K4 and K3,3 are BM-extendable. This proves what we wanted to show. 
We next consider the complete r -partite graphs. As a consequence of Lemma 3.1, we have
Lemma 3.7. Suppose that r ≥ 3 and n1 ≤ n2 ≤ · · · ≤ nr . Then a complete r-partite graph Kn1,n2,...,nr has perfect
matchings if and only if n =∑ri=1 ni is even and nr ≤ n/2.
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Theorem 3.8. Let G = Kn1,n2,...,nr be a complete r-partite graph with r ≥ 3 and n1 ≤ n2 ≤ · · · ≤ nr . Then G is
BM-extendable if and only if n =∑ri=1 ni is even and
nr−2 + nr ≤ n/2. (3.1)
Proof. Suppose that (V1, V2, . . . , Vr ) is the r -partition of V (G) with |Vi | = ni (1 ≤ i ≤ r). If G is BM-extendable,
then n = ∑ri=1 ni must be even and any maximal bipartite matching can be extended to a perfect matching
(Corollary 3.4). In the present situation, the maximal bipartite matchings are matchings in G[Vi ∪ V j ] with size
min{ni , n j }; we may denote them by Mi j (1 ≤ i, j ≤ r). Assume that i < j , thus ni ≤ n j and |Mi j | = ni . Then
G−V (Mi j ) has perfect matchings. Note that G−V (Mi j ) is still a complete multi-partite graph with n− 2ni vertices
and the number of vertices in the kth part is
n′k =
0, if k = i,n j − ni , if k = j,nk, otherwise.










n′k ≤ n/2. (3.2)
This inequality must hold for all possible matchings Mi j (1 ≤ i < j ≤ r). And its left-hand side attains the maximum
value (nr−2 + nr ) when i = r − 2 and j = r − 1. Hence (3.1) holds.
Conversely, suppose that n is even and (3.1) holds. Since nr + nr−2 is the maximum value of the left-hand side in
(3.2), it follows from Lemma 3.7 that for every maximal bipartite matching Mi j , G − V (Mi j ) has perfect matchings.
Then Mi j can be extended to a perfect matching. By Corollary 3.4, graph G is BM-extendable. The result follows. 
Note that (3.1) cannot hold for r = 3, since n1 + n3 ≤ n/2 implies n1 + n3 ≤ n2, contradicting n1 ≤ n2 ≤ n3. So,
there is no complete 3-partite graph which is BM-extendable. Even for r ≥ 4, only a few graphs could satisfy (3.1).
For example, Km,m,m,m is BM-extendable.
A graph G is called claw-free if it does not contain K1,3 as an induced subgraph. The set of vertices adjacent to a
vertex u ∈ V (G), the neighbor set of u, is denoted by N (u).
Lemma 3.9 ([9]). Every connected claw-free graph with an even number of vertices contains a perfect matching.
Lemma 3.10. If M is a bipartite matching of a claw-free graph G, then |N (u) ∩ V (M)| ≤ 4 for each vertex
u ∈ V (G) \ V (M).
Proof. If |N (u) ∩ V (M)| ≥ 5, then at least three neighbors of u lie in one independent set of V (M), and thus u and
the three neighbors form a claw K1,3, contradicting the fact that G is claw-free. 
Theorem 3.11. If n 6= 3 and k ≥ n + 1, then any k-regular claw-free graph G with 2n vertices is BM-extendable.
Proof. Let M be a bipartite matching of G and G1,G2, . . . ,Gl the components of G − V (M). By Exercise 3.1.5 of
[3], since k ≥ n + 1, G is 4-connected. When n is even, we have





Clearly, when l = 1,G1 is an even component, and so, by Lemma 3.9,G−V (M) has a perfect matching. Now suppose






+ 1 ≤ δ(G) ≤ |V (Gi )| + 3 (i = 1, 2, . . . , l).
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+ 4 ≥ ln − 2l + 4 = ln − 2(l − 2) ≥ 2n.
Noting |V (G)| = 2n, we have |V (Gi )| = 2d n2 e − 2 (1 ≤ i ≤ l) and 2d n2 e = n. Thus all Gi (1 ≤ i ≤ l) are even
components. It follows from Lemma 3.9 that G is BM-extendable. Similarly, when n is odd and k ≥ n + 2, the result
follows.
Now suppose that n is odd, n 6= 3 and k = n + 1. If |M | = 1, then G − V (M) is a connected claw-free subgraph
of G with even vertices. By Lemma 3.9, it has a perfect matching. When |M | ≥ 2, we can also claim that G − V (M)
is connected, and so has a perfect matching. In fact, suppose to the contrary that l ≥ 2. By Lemma 3.10 and (n + 1)-
regularity of G, each component has at least n − 2 vertices. Hence
2n = |V (G)| ≥ l(n − 2)+ 4.
Then we have l = 2, i.e., G − V (M) has just two components with n − 2 vertices, and so |M | = 2. Let em denote the
number of edges between G − V (M) and V (M). According to (n + 1)-regularity of G, each vertex in V (G) \ V (M)
is adjacent to every vertex in V (M). So em = 4(2n− 4) = 8n− 16. Furthermore, counting the number of edges from
V (M) to V (G) \ V (M), we have em ≤ n · |V (M)| = 4n. Thus we have 8n− 16 ≤ 4n, implying n ≤ 4, contradicting
the fact that n is odd and n 6= 3. The proof is completed. 
For n = 3, a 4-regular claw-free graph with 2n vertices being non-BM-extendable can be seen in Fig. 1.
Theorem 3.12. Except for n = 3, 4, 6, any n-regular claw-free graph with 2n vertices is BM-extendable.
Proof. Let G be an n-regular claw-free graph with 2n vertices. The result is obviously true for n < 3. Now suppose
that n ≥ 5, n 6= 6, and M is a bipartite matching of G. Denote by G1,G2, . . . ,Gl the components of G − V (M).
When l = 1, G − V (M) is connected, G is BM-extendable as before. When l ≥ 2, we first prove that l = 2 and
2 ≤ |M | ≤ 3. Let em denote the number of edges between G − V (M) and V (M).
Claim 1. |M | ≥ 2.
Suppose |M | = 1. Then by the n-regularity of G we have |V (Gi )| ≥ n − 1, i = 1, 2, . . . , l. Since |V (G)| = 2n,
l = 2 holds. By the n-regularity again, we have Gi ∼= Kn−1(i = 1, 2), and so em = 4(n − 1) when counting from
G − V (M) to V (M), but em = 2(n − 1) when counting from V (M) to G − V (M), a contradiction. Thus |M | ≥ 2.
Claim 2. l = 2 and |V (Gi )| ≥ n − 3, i = 1, 2.
Indeed, if there is a component Gi such that |V (Gi )| ≤ n − 4, then, by Lemma 3.10, we have degree d(u) ≤
n − 5+ 4 < n for each vertex u ∈ V (Gi ), contradicting the n-regularity of G. So |V (Gi )| ≥ n − 3, i = 1, 2, . . . , l.
We next show that l = 2. If l ≥ 4, then, by
l(n − 3)+ 2|M | ≤
l∑
i=1
|V (Gi )| + 2|M | = 2n, (3.3)
we have
4n − 12+ 2|M | ≤ 2n.
So
|M | ≤ 6− n ≤ 1.
This contradiction to Claim 1 asserts that l ≤ 3. If l = 3, by (3.3), we have 2|M | ≤ 9 − n, thus |M | = 2 and n = 5.
Since |V (Gi )| ≥ n − 3 = 2, the only possibility is that G − V (M) has exactly three components each of which is a
K2. Since G is 5-regular, em = 24 when counting from G− V (M) to V (M); but em ≤ 16 when counting from V (M)
to G − V (M). This contradiction gives l 6= 3, thus Claim 2 follows.
Furthermore, from Claim 2 and (3.3), we have 2 ≤ |M | ≤ 3. Therefore |V (G) \ V (M)| equals 2n − 6 or 2n − 4.
Then we can assume that |V (G1)| = |V (G2)| = n − 2, or |V (G1)| = |V (G2)| = n − 3, or |V (G1)| = n − 3
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Fig. 2. Non-BM-extendable graph.
and |V (G2)| = n − 1. But the case of |V (G1)| = |V (G2)| = n − 2 is impossible. In fact, in this case, |M | = 2. By
n-regularity of G, counting the number of edges from V (M) to V (G)\V (M), we have em ≤ 4(n−1); while counting
from V (G) \ V (M) to V (M), em ≥ 2× 3× (n − 2). So
4(n − 1) ≥ 2× 3× (n − 2).
This implies n ≤ 4, a contradiction.
Now, to complete the proof, we need only discuss the following two cases.
Case 1: |V (G1)| = |V (G2)| = n − 3.
Clearly, in this case |M | = 3. By Lemma 3.10 and the n-regularity of G, we have Gi ∼= Kn−3, i = 1, 2, so
em = 8(n − 3). Counting the number of edges from V (M) to V (G) \ V (M), we have
6(n − 3) ≤ em = 8n − 24 ≤ 6(n − 1).
It follows that 3 ≤ n ≤ 9, so n = 5, 7, 8, 9. Here, we can rule out the case n = 8. If so, then we have em = 40.
Thus the subgraph induced by V (M) must have exactly four edges, so that it has two components, namely, a path
P4 = v1v2v3v4 and a path P2 = v5v6. Let G1 and G2 (G1,G2 ∼= K5) be two components of G − V (M),
i.e., G − V (M) = G1 ∪ G2. By the 8-regularity, for each u in V (G) \ V (M), |N (u) ∩ V (M)| = 4. That is to
say, each u has four neighbors in {v1, v2, v3, v4, v5, v6}. We can assert that if v1 is a neighbor of u, then so is v2. For,
if not, the other three neighbors of u belong to two independent sets {v1, v3, v5} and {v1, v4, v6}, then two of them, as
well as v1 and u, incur a claw. So, viewing on the other side, the number of neighbors of v1 in V (G)\V (M) is no more
than that of v2. However, by the 8-regularity again, v1 must have seven neighbors while v2 must have six neighbors
in V (G) \ V (M), a contradiction. In summary, when n = 5, 7, 9, Gi (i = 1, 2) are connected even components of
G − V (M). By Lemma 3.9, G − V (M) has a perfect matching.
Case 2: |V (G1)| = n − 3 and |V (G2)| = n − 1.
In this case, |M | = 2. Counting em in two directions, we have
4(n − 3)+ 2(n − 1) ≤ em ≤ 4(n − 1).
Thus n = 5. This implies that G − V (M) has two even components. Then G − V (M) has a perfect matching by
Lemma 3.9, the proof is completed. 
From Theorem 3.6, we know that the only 3-regular BM-extendable graph with six vertices is K3,3, which is not a
claw-free graph. Figs. 2 and 3 show that 4-regular claw-free graph with eight vertices and 6-regular claw-free graph
with 12 vertices may not be BM-extendable (the forbidden paths are abcd and abcde f respectively).
4. Concluding remarks
A graph G is BM-extendable if every bipartite matching is contained in a perfect matching. When G is bipartite,
this concept coincides with that of n-extendability (for all n). For a general graph, it links up the bipartite matchings
and the non-bipartite matchings. We have the following relation on the matching extendability:
n-extendable (for all n) ⇒ BM-extendable
⇒ IM-extendable⇒ 1-extendable⇒ elementary.
The theory of matching extendability has significant applications in molecular structure and related areas. We
believe that the BM-extendability would be meaningful in physical science.
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Fig. 3. Non-BM-extendable graph.
In the foregoing sections, we show that the recognition of BM-extendable graphs is co-NP-complete and present
characterization results on some typical graph classes. We have obtained other similar results. For example, a wheel
Wn−1 = K1 ∨ Cn is BM-extendable if and only if n = 3, 5, 7; The only 4-regular claw-free BM-extendable graph is
T4r (r ≥ 2), where T4r is the graph with vertex set V = {0, 1, 2, . . . , 4r − 1} and edge set E = E1 ∪ E2 ∪ E3, where
E1 = {(i, j) : i = j ± 1}, E2 = {(i, j) : i = j + 2 if i ≡ 0, 3(mod 4), and j − 2 otherwise}, E3 = {(i, j) : i =
j + 3 if i ≡ 0(mod 2), and j − 3 otherwise}. More graph classes remain for further study. In addition, the following
problems are worthwhile to discuss:
• The extremal graphs and critical graphs: e.g., characterizing maximal BM-extendable graphs and minimal
BM-extendable graphs.
• The operation properties: e.g., deleting edges or vertices, contracting vertices, the composition or the product of
two graphs.
• Relations with some graph parameters: e.g., independence number, toughness, binding number.
• Decomposition structures: determining the minimum integer k such that G has k bipartite matchings M1, . . . ,Mk
and M1 ∪ · · · ∪ Mk covers V (G); or determining the minimum integer k such that E(G) has a k-partition
(E1, . . . , Ek), where Ei , 1 ≤ i ≤ k, are bipartite matchings; or determining the minimum integer k such that
V (G) has a k-partition (V1, . . . , Vk), where each G[Vi ] (1 ≤ i ≤ k) is induced by a bipartite matching.
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